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An analytic computation method is p resen ted  for  the t empera tu re  field of a viscous incom- 
press ib le  fluid in the case of l aminar  flow in a r ing- l ike  cyl indrical  channel of a r b i t r a r y  p ro-  
file. 

The determinat ion of nonstat ionary t empera tu re  field of a viscous incompress ib le  fluid, in the case  of 
i ts laminar  flow being in an annular  cyl indrical  pipe of a r b i t r a r y  c ross - sec t ion ,  can be r educed to  the solu- 
tion of the energy equation [1] 

OT + W (r, % t) - OT . = AT_t_ F (r, % x,  t) (1) 
a t .  ax 

under some appropria te  boundary and initial conditions. Employing substitutions 

p~ (~) - -  ~,~ (~o) ' 

z = x ,  ~ = %  ~=t,  T ( r , % x ,  t )=0(~.  ~ ,z ,  ~) 

the prof i le  of the region is reduced to the following standard form:  

0~<[.<. 1, 0 . < z < o o ,  0-.<~-,<2~, 

and Eq. (1) becomes  

O0 + w ( L  %'~) O0 O0 O~O O~O 0~0 , 020 + ~ ( ~ . ~ ,  z..O. (2) 
0---~ -~z = Fx - ~  -i- F2 - - - ~  + Fs o-~.  + F'  - ~  --t" Oz -----~- " 

1. BoundaryCondit ions ofthe F i r s t  Kind. The Galerkin method is used to solve Eq. (2). The bound- 
a ry  and initial conditions a re  as follows: 

o (~, ~, z, o ) =  fo (~, ~, z), 

0 (0, ~, z, ~)= tl (~;, z, ~), 

0(1, ~, z, "0 = f2(% z, "0. 

An appropriate  solution is sought in a se r ies  form 
N 

ON= ~] a N ('r) % ([, % z) %- ~ (f~ - -  fz) + fz, 
n = l  

where  q~ is a complete sys tem of orthogonal functions which sat isfy the conditions 

~n (0, 4, z )=  r (1, ~, z )=  0. 

The coefficients anN(T) can be found f rom the sys tem of equations [4] 

da~ t (~) _~ F~ (~) O, n 1, 2, . N. (3) d~ + C~ (T) a~ = = . . ,  
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The init ial  va lues  f o r  the above s y s t e m  a r e  found by expanding the initial t e m p e r a t u r e  d is t r ibut ion  into a 
s e r i e s  of  o r thogona l  coord ina te  funct ions go n. 

The finding of a solut ion of  the s y s t e m  (3) of o r d i n a r y  l i n e a r  d i f ferent ia l  equat ions  does not p r e s e n t  
any  d i f f icu l t ies .  

2. B o u n d a r y  Condi t ions  of  the 3rd  Kind. In this  ca se  the  boundary  condi t ions  a r e  given by 

00 
- -  = _+ Bi (0 - -  Oc) for r E Pi (~), P, ((O). 
On 

The solut ion is c o n s t r u c t e d  as  fol lows:  

o = ol (~, ~P, z, ~ ) +  o2(~, % z, ~), 

w h e r e  the funct ions  0i, i = 1 ,2 ,  sa t i s fy ing  the condi t ions  

001 - 0 1 = 0  for 
On 

a r e  sought  in the f o r m  

c~_0,2. = 0 2 = 0  for ~ = 0 ,  
On 

(4) 

(5) 

N 

0 ~ = ~  a N ( ~ ) ~ ( %  Z, ~), i =1,  2 (6) 
n~l  

By sa t i s fy ing  in the mean  boundary  condi t ions  (5), a s y s t e m  of 2N a lgeb ra i c  equat ions  is obtained fo r  the 
2N 2 u n k n o w n  a~i(T) , i = 1 ,2 ,  n = 1 , 2 , 3 , . . .  ,N. 

By using these  l i n e a r  equat ions  some  coeff ic ients  a r e  now e x p r e s s e d  in t e r m s  of  o the r s ,  new funct ions 
a r e  adopted as  coord ina te  funct ions and the Galerkin  a lgo r i t hm is applied; in this  m a n n e r  a s y s t e m  is ob-  
ta ined of  o r d i n a r y  d i f fe ren t ia l  equat ions  fo r  the coef f ic ien ts  of the expansion.  

The  Cauchy  p r o b l e m  thus obtained fo r  l i n e a r  d i f ferent ia l  equat ions can ea s i l y  be solved.  

The cons t ruc t ion  of coord ina te  funct ions is i l lus t ra ted  by  cons ide r ing  p r o b l e m s  with boundary  condi -  
t ions  of the 3 rd  kind. 

Suppose that  it is r e q u i r e d  to d e t e r m i n e  the t e m p e r a t u r e  field fo r  a l a m i n a r  s t eady  flow of a v i scous  
i n c o m p r e s s i b l e  fluid in a pipe of  annu la r  c r o s s - s e c t i o n  and under  s y m m e t r i c a l  boundary  condi t ions  which  
a r e  independent  of  r  F o r  s impl i c i ty ,  one se t s  Pl(~) = 1; P2(r = 2. Having subst i tu ted  the  new va r i ab le s  
one finds that  the bounda ry  condi t ions  a r e  of  the f o r m  

0__O0 = / -~- Bi 0 ~ = l, (7) 
0~ [ - - B i 0  ~ = 0. 

The solut ion is found in the f o r m  of a t runca ted  s e r i e s  

2 2 

0 = ~ ank ('0 ~P. (~) f• (z) + Z b-k ('0 q~;, (~) h (z), (8) 
n , k ~ l  n, k ~ l  

5 r (~) = ~2, ~ (~) = ~ _  - (  ~, 

5 % ( ~ ) = ( ~ - - 1 )  2, q%(~)=(~--1)  8 + - ~  (~--1)  2 , 

[1 (z) = z exp (--. z), f2 (z) = z 2 cxp (--  2z) 8 - -  2--~ [l  (z)" 

These  funct ions  w e r e  obta ined by  a Sehmidt  o r thogona l iza t ion  of the po lynomia l s  ~n = (~-1)2 + n and 
~n = ~2 + n r e s p e c t i v e l y .  

The s e r i e s  (8) with the new coord ina te  funct ions sa t i s f i e s  in the mean the condit ions (7) and is as  fo l -  
lows:  
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B i ~ 8  
0 = a ~ l  6 ( 2 - - B i )  

[ B i - - 8  
~Pl (~) fl (z) + r (~) fl (z) q- azu 6 (2 - -  Bi) % (~) f~ (z) + r (~) f, (z) ] 

8 - - B i  
A--, b~l 6 (2 - -  Bi) ] 6 (2 - -  Bi) ~1 (~) f2 (Z) "JC (D2 (~) f2 (z) . 

To  show how th i s  m e t h o d  can  be  i m p l e m e n t e d  the  
the  e n e r g y  equa t ion  in d i m e n s i o n l e s s  v a r i a b l e s  is  of  the  

Oo O0 1 
, 0 F---~ + U (~) 0-T = ~ +-----~ " 

~ _  R - - 1  , R =  r__r_, R ~ -  
R 2 -  1 r 1 

P e - -  2Uavq 
a 

0 = 

fo l lowing  b o u n d a r y - v a l u e  p r o b l e m  i s  c o n s i d e r e d :  
f o r m  

O0 0~0 1 020 

oT § ~ + PT Oz ---T' 

r2 , Fo = at 1 x 
r 1 r~ ' z Pe r 1 

, R ~ = 2 ,  r 1 =  1, P e =  1, 

T - - r 0  . U ( ~ ) =  [ 4 - - ( ~ - 9 1 )  ~]ln ~ - - - 3 1 n  
Tst - -  T o ' 2 

T he  in i t ia l  cond i t i ons  a r e  a s  fo l lows  0(0, z ,  0 = 0. 

T he  b o u n d a r y  cond i t i ons  a r e  a s  fo l lows :  

0(1, z, F o ) =  1, 

O(O, z, F o ) =  1 ( 0 ~ z ,  Fo< :oo) ,  

0(~, 0, F o ) = 0  ( 0 ~ < 1 ,  0 < F o < o o ) .  
T h e  so lu t ion  is  sough t  in the  f o r m  

2 
0~ = Z a,h (Fo) ~p~ (~) fh (z) q- H (Fo) H (z), 

n,k=i  

w h e r e  H(Fo) ,  H(z) a r e  the  H e a v i s i d e  uni t  func t ions  and  

1 

(9) 

]:1 (z) ~ z exp ( - -  z), f2 (z) = z 2 exp ( - -  2z) - - - ~ 7  h (z). 

T h e  func t ions  ~bn(0 and fk(z) a r e  o b t a i n e d  by  the  S c h m i d t  o r t h o g o n a l i z a t i o n  of  the  s y s t e m s  Sn(~) = ( 1 - 0 ~  n, 
fk(z) = z k e x p  ( - k z ) ,  n,  k = 1 , 2 , 3  . . . .  

In  a c c o r d a n c e  wi th  the  d e c r e a s e d  a l g 6 r i t h m  one ob ta in s  the  fo l lowing  e x p r e s s i o n s  f o r  the  c o e f f i c i e n t s  
of  the  s e r i e s  (9): 

a u = - -  1,74 [1 - -  exp (~'t Wo)] - -  1 .33 .10- '  [1 - -  exp (L~ Fo)]; 

a~l = - -  0,28 [1 - -  exp (L 1Fo)] + 1.15.10 -2 [1 - -  exp (L~ Fo)]; 

a u = - -  35.9 [exp (;~3 Fo) - -  1] - -  5.36.10 -2 [exp (~,~ Fo) - -  1]; 

a~ = - -69 ,6  [exp (;~, V o ) -  1] + 11,56 [exp (Z, F o ) - -  1]; 

;~1 = - -  11.5; ~,z = - -  280,5; )~n = - -  136; ;~ = - -  814. 

I t  is  n o t i c e d  tha t  in [3] s y s t e m s  can  be found of  o r t h o n o r m a l  func t ions  f o r  a l a r g e  n u m b e r  of  r e g i o n s  w h i c h  
one  e n c o u n t e r s  when  so lv ing  b o u n d a r y - v a l u e  p r o b l e m s  of  v a r i o u s  t y p e s .  In [4] c o n v e r g e n c e  and  s t a b i l i t y  is 
p r o v e d  of  t he  a p p r o x i m a t i n g  s y s t e m  of  d i f f e r e n t i a l  e q u a t i o n s  f o r  the  G a l e r k i n  m e t h o d .  

In  the  c a s e  of  s t a t i o n a r y  p r o b l e m s  a n k  can  be  c o n s i d e r e d  a s  i n d e t e r m i n e d  n u m e r i c a l  c o e f f i c i e n t s  and  
c an  be  d e t e r m i n e d  f r o m  a s y s t e m  of  l i n e a r  a l g e b r a i c  e q u a t i o n s .  
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Convergence of the Galerkin method for elliptic equations was proved in [2]. 

The proposed method can be used to solve heat-exchange problems in solid bodies and to compute the 
velocity field of one-dimensional motion of viscous incompressible fluid; it is known that the lat ter  is 
reducible to an equation of the heat-conduction type. 

r ( r ,  ~, x, t) 
W(r, ~, t) 
&T 
F(r,  ~, x, t) 
p~(~), ~(~) 
~n(~, ~, z) 
Bi 
Fo 
Pe 
H 
r, ~, x 

T 

~ , ~ , z  

N O T A T I O N  

is the fluid temperature; 
is the axial component of fluid flow velocity; 
is the Laplace operator  in cylindrical coordinates; 
is the function characterizing the intensity of heat source; 
are the equations of inner and outer boundary contours of the channel; 
is the system of orthogonal coordinate functions; 
is the Biot number; 
is the Fourier  number; 
is the Peclet  number; 
is the Heaviside unit function; 
are  the cylindrical coordinates; 
is the time; 
are  the new independent variables. 
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